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Introduction

The Helmholtz equation, named for Hermann von Helmholtz, often arises in the study of physical problems
involving partial differential equations such as electromagnetic radiation, seismology, transmission, and
acoustics. Kreb and Roach [1] discussed the transmission problems for the Helmholtz equation. Kleinman
and Roach [2] studied the boundary integral equations for the three-dimensional Helmholtz equation.
Karageorghis [3] presented the eigenvalues of the Helmholtz equation. Fu and Mura [4] suggested the
volume integrals of the Helmholtz equation. Samuel and Thomas [5] proposed the fractional Helmholtz
equation.

The local fractional Helmholtz equation in two-dimensional case was suggested in [6] as follows:

O**H(xy) , 9**H(xy)

ox2 8y2a +")ZQH(XvY):f(X,y),0<05£l, (1)
with the initial value conditions as follows:
0%H (0,
HOY =), T0O (), o

where H(x,y) is unknown function and f(x,y) is a source term.

Recently, the local fractional Helmholtz equation was solved by local fractional variational iteration
method [7,8], local fractional series expansion method [8]. In this paper, our aim is to present the coupling
method of local fractional Laplace transform and Adomian decomposition method, which is called as the
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local fractional Laplace decomposition method, and to used it to solve the differential Helmholtz and
coupled Helmholtz equations on Cantor sets within local fractional operator.

Local Fractional Laplace Decomposition Method (LFLDM)
Let us consider the following partial differential equation within local fractional derivative [10]:
Lo u(x, y)+ R pu(x, y) = f(x,y), (3)
ko
axka

where L, = denotes the linear local fractional differential operator, R, is the remaining linear

operator, and f(x,t) is a source term.
Taking local fractional Laplace transform on Eqg. (3), we obtain

o Lo UG I 4 R qU(x Y)f = o {F (1)} 4
By applying the local fractional Laplace transform differentiation property, we have

st fu(x, y)} - s*D9u(0,y) - s€-Du@ (0, )~ —u€ D0, y) + b, R, u(x, )} = £, {F(x. )}, ()

or
E fux, y)}=—u(o N+ - u@(0,y) +- * e L (D) g, y>+—t froon)-- — RN (6)
Taking the inverse of local fractlonal Laplace transform on Eq.(6), we obtain
(k-Da
_ @ X y((k-Da) 1 1
u(x, y) =u(o, y)+r(1 O 0. y)+E, [S Af (% y)}] o
t‘l[ Ry u(x y)}]
We are going to represent the solution in an infinite series given below:
u(x,y) = D Un(x,y). )
n=0
Substituting (8) into (7), which give us this result
(k-
4@ (0 X y (=) 1
nZoun(x N =Y+ DOy e Doy [S atf (% y>}j
(9)
il )
S n=0

When we compare the left and right hand sides of (9) we obtain the recursive relation:

(k-D)ex
u@ (0, y)+ X lda)g y)+t‘1[ LI y)}J
S

r(1 @) r[1+(k —Da ]

Uo (%, y)=u(0,y)+

Unea (%, Y) = — 5 [sl £ iRy n (%, y)}j >0
(10)

3. Applications

Example 1. Consider the local fractional Helmholtz equation with local fractional operator

aZa 6205

u(x,y) . 07u(xy)
X 2c ay2a

-u(x,y)=0,0<a <1,

(11)

with the initial value conditions as follows:
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u(0,y)=0,

o
% =cosh, (y%) .

In view of (10) and (11) the local fractional iteration algorithm can be written as follows:

Xd

Irl+ea)
20
Upya(X,t) = tal[sz%ta{un (x,y) _a;yn—z(:’y)}], n>0.

Therefore, from (13) we give the components as follows:

ug(x,y)= cosh,, (y%),

XZZ
Up(X, y)= mCOSha (y%),

2c
i, y):t;l{sziafa{uo(x, y)aay_w)H

11 i Xa ay _ Xa o _
_EQ{SZQ {:{F(l—l-a) COSha(y ) 1_,(1+a) COSha(y )}J 0,

2a
uz(x,y) = E;{S% ’Ca{ul(xl y)- %SWH= 0,

(16)
and so on, the other components can be found in the similar manner.
Therefore, the solution in series form is given by

u(x, y) =ug(X, y) +uz(X, y) +ug(X, y) +----

a

_ X
CT(+a)

cosh, (y%).

Example 2. Let us consider the local fractional Helmholtz equation with local fractional operator

8205 820: a a

S ,0<
I'l+a) I'l+a)

u(xy) | 2*ulny) |

aXZa ayZa @ Sl,

X, Y)

with the initial value conditions as follows:

o*u0y) __ y*
X rl+a)

U(O, y) :01

In view of (10) and (18) the local fractional iteration algorithm can be written as follows:

Xa o

_ ANNT | N I S
Ug(X,y)= T+a) T(+a) +ty Lza Ea{r(“ a) 1“(1+a)}}

2a

Therefore, from (20) we give the components as follows:
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y ( y) X% ya +t_1 i ya _ N ya . X3a ya
0 Ml+a) Tl+a) %% Tl+a)| Tl+ta)Tl+a) Tl+3a)T0+a)
(21)
i (x,y) = t;[zi e y)+%ﬂ

T D v X v
o Za F(1+a) [(+a) T(@+3a)T1+a)

-1 1y
“ 40‘ F(1+ a) s8¢ T(L+a)

- LS S (22)
F(l+ 3a) F(1+ a) F(1+5a) Irl+ea)

up(x,y) = "Cal[szia’ca {ul(x, y) +%H

~ {:—1[ 1 {:{_ X3a ya ~ X5a ya }j
2a I'l+3a) T(l+a) T'(l+5a) T'1l+a)

Ly 1y
o 560‘ I'l+a) 580‘ I'l+a)

5a a Ta a
X y X y (23)
Irl+5) I'l+a) TI'l+7a) T'l+ea)

and so on, the other components can be found in the similar manner.

Therefore, the solution in series form is given by

u(x, y) =g (%, y) + Uz (%, y) +Ug(X, y) +----

o o

X y

= . (24)
Il+a) T'l+a)

Example 3. Consider the following local fractional coupled Helmholtz equations with local fractional

derivative:
2a 2a
0 ugx y) 0 v(x y) _u(x,y)=0,
ax o
2a 2a (25)
0 vz(;( 4 0 u2(;< 1) v(x,y) =0,
ox oy
subject to the initial conditions
o%u(o,
u(©,y) =0, 28OV _g (g,
(26)
o%u(o,
vo.y)=0, ZHON _ g (yey.

Applying local fractional Laplace transform on Eq. (25) and using the initial conditions, we have
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E, fu(x, Y)} 1 ——Eq(y* )+ {U(X,y)_azav—gx,y)},
ay o

2a
ty {V(X’ y)}: _SZLa Ea(ya) +Szia{:a{v(x, y) ——8 u(x y)}

ayZa

Operating with the local fractional Laplace transform inverse on both sides of Eq. (27) we obtain

0(

ay, 4 1 0**v(x, y)
F(l ) {z(y )+£al{@ta{u(xly)_v}}

a 2a
V(><,y)=—r(1x+ ) Eq (y* )+’cl[81 {v(x y)- aa;_gzy)ﬂ

u(x,y) =

We now look for solutions u(x,y) and v(x, y) of Eq. (28) having the series form

u(x, y) = > un(xy),

n=0

V(X, y) = Zvn(xr y)

n=0

In view of Eq. (29), Eq. (28) is equivalent to

© x& 1
D)= Ea (V) L {Zun(x )~ za{wa y)m

n=0

0(

~ 6205 0
Zvn( N =~tira B0 ’*tl(s {Zvn(x s L%””(X’”M'

We define the recurrence relation:

(Z

Up(X%,Y) =———~ Fira) Eo(Y"),

a

Vo (X, y)=—ﬁ E,(y%)

Unsa (%) = £ ( . {u,«x y)- #H
2 o

Vi1 (%Y) = g [ : {vn<x y)- MB
5% oy“

Therefore, from (31) and (32) we give the components as follows:

a 3a
w(x.y) - [Sl {UO(X »- %H W e -2 e,

a 3a
% y) = & ( . {VO(x - MH*;(‘TZEQM}— X E,(),
524 oy* st

I'l+3a)
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2a 5a
Uy (%, y) = & [—1 {ul(x y) - Ll ) Vlz(x’y)}}t;l[—f Ea(y"’j:—4X E, (%),
S oy ” 5o a

I'l+5«)
2 5 (34)
1 6aU1(X,y) 11 __4 ay|_ 4x>% a
Va(x,y) = &5 [S {vl(x y)- W}}E‘”(SG“ Eq (y )j— g B
g y) = ]t Ly () - 02 049) =t1[iE (y“)j= B ¢ )
3 S 2 5y2a o4 38“ o F(l+7) a )
(39)

20: _ Ta
Va(x,y) = t{ . {Vz(x y)- W}}tj(s—iwy“)}—gx—Ea(y“),
S oy S +/a

and so on, the other components can be found in the similar manner.
Therefore, the series solutions can be written in the form

x% 3a 5a . u
u(x,y) = E,(y* )[ 2x 4x ] :Ea(ya)smha!ﬁx '

rl+a) F(1+3a) F(1+5a) J2

( ) (36)
0{ 3a S5a . a
v(x,y) = —-E, (y* )[ 2X 4x _J :—Ea(y“)smh“ J2x .

T(l+a) T(+3a) T(+5a) V2

Conclusions

In this work, the local fractional Laplace decomposition method is demonstrated as an effective method for
solving partial differential equations on Cantor sets within local fractional operator. The approximate
solutions for local fractional Helmholtz and coupled Helmholtz equations were obtained. The obtained
results show that the method is a powerful and an efficient technique in finding the solutions for wide classes
of problems.
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